Introduction.
An important problem in Fourier analysis is that of investigating the relationship between the "size" of a function and the "size" of its Fourier transform. The present paper can be regarded as a contribution to this problem.
The classical Fourier transformation establishes a one-to-one correspondence between the set L1(R) of all Lebesgue integrable functions^) on the real line R and certain set of bounded continuous functions on R. This correspondence gives rise to two different metrics on the set L1(R), namely one given by assigning to each fdL1(R) the usual Z'-norm and the other by assigning to/the maximum of its Fourier transform F(u) = (2ir)~ll2Jf(x)e~i"'dx. This last metric coincides (as follows easily from the Plancherel formula) with the metric obtained by the norm of the convolution operator g-*/*g on the
Hilbert space L2(R).
Even when G is an arbitrary locally compact unimodular group we can in this way assign two natural topologies to the set L1(G) of Haar integrable functions. The first is given by the Z'-norm /->/|/(x)|dx (dx denoting left invariant Haar measure) and the other by the spectral norm /->||Z,/|| where Lf denotes the convolution operator g->f*g on L2(G). A linear operator on LX(G) we shall call spectrally continuous if it is continuous from the spectral norm topology to the topology of the L'-norm.
The purpose of the present paper is to determine the spectrally continuous operators that commute with all right translations on G. The answer breaks up into two entirely different cases, namely the compact case and the noncompact case.
I. G is compact. Here the operators in question are precisely left convolutions by L2-{unctions.
(Theorem A). The proof is obtained by a study of certain lacunary Fourier series on the product group G= JJX U(dx). Here x runs over all equivalence classes of irreducible unitary representations of G and dx denotes the degree of x-In a later publication we intend to discuss more fully lacunary Fourier series on noncommutative groups. In the classical case when G is the circle group our result yields a slight sharpening of the following well known theorem of Littlewood: If ^,aneinz is a Fourier series which remains an L1-series after arbitrary change of the arguments of the Fourier coefficients (a") then ^\an\ 2< =o. The case of an abelian group was treated SIGURDUR HELGASON [November by different methods by A. Grothendieck [5] and by the author [6] . I am much indebted to Dr. Grothendieck for interesting discussions about the noncommutative case. II. G is noncompact. Provided G satisfies certain minor restrictions the only spectrally continuous operator commuting with right translations is 0 (Theorem B). The proof is obtained by using the structure theory of connected locally compact groups to construct certain relative identities in the group algebra LX(G) and then use the generalized Plancherel theorem to estimate the spectral norm. Since the Plancherel theorem is based on von Neumann's reduction theory we assume in this part that G is separable. If G is abelian the other restrictions on G can be relaxed somewhat as shown in [6] , where spectrally continuous operators are studied for commutative Banach algebras.
2. Notations and definitions. Throughout this paper G denotes a locally compact unimodular group, and Lp(G) lor l^p^°° the Banach space of pth power integrable complex valued functions on G, equipped with the norm ||/||P = (/|/(x)| "dx)llp, ||/||M = ess. sup. |/(x)|. Here dx denotes the Haar measure on G which will be assumed normalized when G is compact. The term measure will be used in the sense of Bourbaki [2] .
If p is a bounded measure on G we write L" and R" for the bounded (2) operators on LP(G) defined by LJ = p*f and R,J=f*p where (p*f)(x) = Jf(a~1x)dp(a) and (f*p)(x) =Jf(xa~1)dp(a). If p is a point measure g->g(a) we write La and 2?0-i instead of 27M and R", and if p is absolutely continuous with respect to Haar measure and has derivative fCL1(G) we write Lf and Rf instead of L^ and 2?". Let/* denote the function x-»(/(x-1))-(the bar denotes complex conjugate) and p* the measure/-*(p(f*))~. Let furthermore J denote the involution/-*/*. Then it follows by routine computations that Lf = JR*J.
Lf acting on L"(G) (p~1+q~1 = l) is the adjoint of 7," acting on LP(G), and similarly interpreted Rf is the adjoint of 2?". If p = q = 2 it follows easily that 27" and 2?" have the same norm.
Operator norm will in general be denoted by || || and the adjoint of an operator T by T1*. The domain of the operator will always be clear from the context since only bounded operators will be considered. Definition 2.1. Let fCL1(G) and let Ls and Rj be the operators on L2(G) defined above. The common value of ||T,/|| and ||2?/|| we shall call the spectral norm of/and denote ||/||»P.
It is well known and easily proved that ||/*g||2^||/||i||g||2 for all gCL2(G) so that ||/||,p=s||/||i, and consequently the spectral norm topology is weaker than the usual topology on Ll(G). If G is abelian we denote by 7" the Fourier transform of/, F(x) =ff(x)(x(x))~dx.
For a suitably normalized Haar meas- Throughout this paper G shall denote the set of all equivalence classes of irreducible unitary representations of G. If x is a member of G we denote by Ux a member of the class x acting on the dx dimensional Hilbert space 3CX. If G is compact and for some basis in 3CX, Ux has the matrix form Ux= (wj), the Schur orthogonality relations together with the Peter-Weyl theorem express that the system of functions (dx)ll2-u*}, xGG, i, j=l, 2, ■ ■ ■ , dx is a complete orthonormal system in L2(G). For each integer w>0, U(n) denotes the compact group of all unitary operators on an w-dimensional Hilbert space.
For every locally compact space 5 we let C°°(5) denote the set of all complex valued bounded continuous functions on 5 and 3C(5) the subset ol QX(S) consisting of all functions vanishing outside some compact subset of 5. The space 6(5) of continuous functions vanishing at infinity on 5 is the uniform closure of 3C(5) in CM(5).
3. The theorems. We wish to determine all spectrally continuous operators on LX(G) that commute with the right translations Ra, adG. The answer is given by the two following theorems.
Theorem
A. Let G be a compact group. The spectrally continuous operators T on LX(G) commuting with right translations on G are precisely the left convolution operators T = L/ with fdL2(G).
Let us look more closely at the case when G is the circle group. HfdL1(G) and /Yx)~ y^.aneinx is the usual Fourier series representation of/, then as noted earlier we have ||/||,p = maxn |a"|. Suppose ~^2,aneinx has the property that for each sequence y = (y") tending to 0 (that is y = (y")£e(Z)) the series J2ianyneinx is a Fourier series for a function fydL1(G).
It is trivial to verify that the mapping T: y->fy of Q(Z) into LX(G) is linear and has a closed graph {iy,fy)\y(=.GiZ)} in the product space Q(Z)XL1(G). Using the closed graph theorem of Banach we conclude that T is continuous. Hence T is a spectrally continuous operator on L:(G) which clearly commutes with translations on G so Theorem A tells us that 221 an| 2< °° • This sharpens the theorem of Littlewood stated in the introduction, because each y£<3(Z) can be written y = a+/3 where a and /3 are two sequences (an) and (Bn) for which |an| and |/3n| are independent of w.
SIGURDUR HELGASON [November Theorem B. Let G be noncompact connected separable unimodular locally compact group. Then every spectrally continuous operator T on LX(G) that commutes with the right translations on G is 0.
Remark. If G is abelian one of the conditions "connected,"
"separable" in Theorem B is unnecessary. Both of them can be dropped if G is assumed to be connected. These statements are proved in [6] .
In the proofs of Theorems A and B we make use of the following simple lemma which is well known to workers in the field (3).
Lemma 3.1. The bounded operators on Ll(G) that commute with the right translations on G are precisely the operators 7," where p is a bounded measure.
Proof. Let T be an operator on G with the stated property. Since TRa = RaT, a CG we see from §2 that Ra-iT* = T*Ra-i lor allaGG. T* is a bounded operator on L"(G) and from the fact that T* commutes with right translations it follows easily that if/ is continuous and has compact support then T*f is continuous (even uniformly continuous).
The functional f-*(T*f)(e) is clearly continuous in the uniform topology on X(G). Hence there exists a bounded measure v on G such that
Since T* commutes with right translations on G it follows that T* = L,> where v'(E) =v(E~l) lor each Borel set E. Hence 7" = LM with p= (*»')*• On the other hand it was mentioned in §2 that every 7,M has the properties stated in the lemma.
The compact case. Proof of Theorem A.
We shall use the Peter-Weyl theory on G. Let / be an arbitrary function in L1(G Ax = J Ux(x~1)dp(x),
where Ux is an irreducible unitary representation from the class x-We remark that the series above in general has more than countably many nonvanishing terms. Furthermore we note that the measure p is uniquely determined by its Here dV stands for the product measure dVxdV2, ■ ■ • , dVx, dVn being the normalized Haar measure on U(dn). Now, for all x£G, (7"(x) belongs to U(dn) and due to the invariance of dV we have
We put F(Vi, We denote by Ui(n -1) the subgroup { TC U(n) \ Tei = ei} and by C7i,2(ra -2) the subgroup {SCUi(n -1)| Se2 = e2}. Furthermore let ]£" denote the unit sphere in a complex «-dimensional Hilbert space; then the space U(n)/Ui(n -1) of left cosets V =VUi(n -l) can be identified with ^" and the space Ui(n-l)/Ui,i(n-2) of left cosets T=TUi,2(n-2) can be identified with = f | (Fe" ei) | W = f \zx | W.
•^2™ ^ l*ll*+---+l*»l*-l Let now jx, kx, •■ ■ , j", kn be a basis for a 2w-dimensional euclidean vector space. The mapping
is an isometric mapping of the w-dimensional Hilbert space onto the 2w-dimensional real euclidean space. Z» is mapped onto the real (2w -1)-dimensional sphere 52"-1 and the measure dV on Z» is transformed into the unique normalized measure dw on 52n_l which is invariant under the orthogonal group 0(2w). Let J denote the canonical representation U-+U of U(n). If w^2 the tensor product J® J decomposes into two irreducible components neither of which is the identity representation.
Proof. Denoting the character of a representation T by xt we have Xj®j = XJ'Xj so the lemma gives the relation f I xjMV) |W = 2 J t/(n) which implies the first statement of the corollary. Furthermore, the number of times the identity representation occurs in J® J is
by (4.10).
This decomposition oiJ®J corresponds to the decomposition of a covariant tensor of second order into a symmetric and a skew-symmetric part. We can now estimate
where F(VU ■ ■ ■ , F.v) = Z^ dn Tr(^4"Fn). We expand the fourth power and note that terms of the type | Tr(/4i Fi) |2 Tr(^42 V2) Tr(Z4 Vi) give no contribution to the integral over U(dx) X • • • X U(dN) due to the orthogonality relations. Therefore
The first sum on the right side we estimate by Lemma 4.1. The second sum can be directly evaluated by means of the orthogonality relations and the last sum vanishes due to the corollary. The coefficients Ai, ■ ■ • , An were chosen arbitrarily from the FourierStieltjes series (4.2), and the relation (4.13) shows that this series is indeed a Fourier series for a function fdL2(G).
Since a measure is uniquely determined by its Fourier-Stieltjes series, the measure p is absolutely continuous and has derivative / with respect to Haar measure. Hence 7g=p*g=f*g.
Furthermore (4.13) shows that (l/2)1/2||/||2^||r||
and Theorem A is then completely proved. [November 5 . The noncompact case. Estimate of the spectral norm. We proceed to prove Theorem B, so let T be a spectrally continuous operator on LX(G) which commutes with all the right translations Ra, aCG. From Lemma 3.1 we know that T is of the form Tg = p*g and since T is spectrany continuous there exists a constant M>0 such that (5.1) ||p*g||i ^ M\\g\\sp for all g C V(G).
We wish to show that p = 0 and for this purpose we can assume p absolutely continuous with respect to Haar measure. In fact (5.1) implies \\f*p*g\\i£ M\\f\\i\\g\\ep for all /, g C L\G)
andf*pCL1(G). Furthermore, if f*p = 0 for all fCLl(G) then p = 0. [8] . This formula can be described as follows. Let G be a separable unimodular group and put K = L2(G). We consider the operators Lf and Rf on 3C for all/G7'(G).
Let £ and (R denote the weak closures (in the set of all bounded operators on 3C) of the sets {Lf\fCL*(G)} and {Rf\fCLi(G)} respectively. Then £C\6{ is the center of each algebra £ and (R (Segal [13] , Godement [4]). If T denotes the maximal ideal space of the commutative Banach algebra £f^\ (R, there exists a measure p on T such that 3C, £ and (R can be written as a direct integral(4) with respect to the center £H(R: JC = I 5Cydp(y), For these (almost all) y, £y and (R7 are the weakly closed algebras generated by Ly(x), xdG and Ry(x), xdG respectively, and are therefore (due to the irreducibility of {Ly, Ry}) factors. We denote the relative dimension function in the factor £7 by dim7 and the corresponding relative trace by Tr7. Furthermore we put rank7(^4) =dim7 (Range A).
As usual we refer to the mapping 7->Fy as the Fourier transform of/. The Plancherel formula asserts the existence of a strictly positive p-measurable function a(y) on T such that (5.4) f \ f(x) \2dx = f Try(FyF*)a(y)dp(y) for each / £ L\G) C\ L2(G). F\ is a projection almost everywhere so TrT(F7)=dim7(F7) and j I fi(x) \2dx = f dimy(Fy)a(y)dp(y).
Since a(y)>0, F'y is for almost all y of finite y-rank and the same holds for Gy and GyG*. Using simple formal properties of the relative trace (see von Neumann [ll, Theorems I and II]) we obtain J \f*g(x) \2dx = £ Tr7[F7G7(F7G7)*]a(y)dM (7) J^j|F7*F7|| Tr(G7G7*)a(y)dM(T) ^ ess. sup7||F7||2 f \ g(x) \2dx which proves the lemma. 6. Completion of the proof. To prove Theorem B or that h in (5.2) must be 0 we first assume that h is continuous and has compact support. Making use of the connectedness of G we then construct a sufficiently large class 9)? of approximate identities in LX(G) relative to h, that is functions gCL*(G) for which ||A*g||i is approximately equal to ||A||i||g||i and such that supoean ||g||i/||g||»j>= °°. The inequality (5.2) will then show that h = 0. Finally, the restriction that h should belong to the class X(G) is removed by means of a suitable approximation argument. Now assuming hC3Z(G) and hj^O we choose e such that 0<e<||fc||i and a continuous function u(x) vanishing outside a compact neighborhood of e such that 
